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MODULI SPACES OF SHEAVES ON K3 SURFACES AND
GALOIS REPRESENTATIONS
SARAH FREI
Abstract. We consider two K3 surfaces defined over an arbitrary field,
together with a smooth proper moduli space of stable sheaves on each.
When the moduli spaces have the same dimension, we prove that if the
e´tale cohomology groups (with Qℓ coefficients) of the two surfaces are
isomorphic as Galois representations, then the same is true of the two
moduli spaces. In particular, if the field of definition is finite and the K3
surfaces have equal zeta functions, then so do the moduli spaces, even
when the moduli spaces are not birational.
Introduction
Given a K3 surface S defined over an arbitrary field k, we can study mod-
uli spaces M of stable sheaves on S with fixed Chern classes. Under mild
conditions on the Chern classes, each such moduli space is a smooth, projec-
tive, geometrically irreducible variety with a natural symplectic structure.
The best-studied example of such a moduli space is the Hilbert scheme of
points, S[n], parameterizing zero-dimensional subschemes of length n in S.
These spaces have been well-studied over C because they are one of the few
known families of compact hyperka¨hler manifolds. It is a well-known result
due to Huybrechts [10], O’Grady [26] and Yoshioka [29], recently summa-
rized in [28], that when k = C such a moduli spaceM is actually deformation
equivalent to S[n] for n = 12 dimM , and this result was recently generalized
to arbitrary fields by Charles in his proof of the Tate conjecture for K3 sur-
faces over finite fields [1]. However, these moduli spaces are typically not
birational to the Hilbert scheme.
For a projective variety X defined over a finite field, let Z(X, t) denote the
zeta function of X. We prove here that the zeta function ofM is determined
by the zeta function of S.
Theorem 1. Let S1 and S2 be K3 surfaces defined over a finite field such
that Z(S1, t) = Z(S2, t). Let M1 and M2 be smooth proper moduli spaces
of stable sheaves on S1 and S2, respectively, with dimM1 = dimM2. Then
Z(M1, t) = Z(M2, t).
Since any two such moduli spaces need not be birational, the equality in
Theorem 1 is surprising. In particular, there need not be a geometric map
between the moduli spaces that realizes this equality in point-counts over
finite fields.
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Consider the case where S1 = S2. When the moduli space M is fine and
two-dimensional, M is a K3 surface derived equivalent to the original K3
surface. In this case, our result about zeta functions for two moduli spaces
on a fixed K3 surface was already proved by Lieblich and Olsson [18, Thm.
1.2] and independently by Huybrechts [11, Prop. 16.4.6]. We extend their
result to also hold when M is not a fine moduli space. Their work was also
generalized by Honigs [8] to hold for any derived equivalent surfaces. In
higher dimensions, it is an open question whether any two moduli spaces
corresponding to a given K3 surface, under possible conditions on Chern
classes, are derived equivalent once their dimensions coincide. If we specu-
late for a moment that they are [11, Ch. 10 Questions and open problems],
then our result is consistent with Orlov’s conjecture that derived equivalent
smooth, projective varieties have isomorphic motives with rational coeffi-
cients [27, Conj. 1]. In particular, this conjecture would imply that derived
equivalent smooth, projective varieties over a finite field have equal zeta
functions. On the other hand, if we suppose instead that there are two such
moduli spaces of the same dimension which are not derived equivalent, our
result suggests that for this family of varieties, the zeta function is a very
coarse invariant.
By the Lefschetz trace formula, the zeta function is determined by the
action of the Frobenius endomorphism on the cohomology ring. Thus we
will deduce Theorem 1 from the following more general statement. Let ℓ be
a prime different from the characteristic of k, and for any of the varieties X
below, let X = X ×k k where k is the algebraic closure of k.
Theorem 2. Let S1 and S2 be K3 surfaces defined over an arbitrary field
k such that H2e´t(S1,Qℓ)
∼= H2e´t(S2,Qℓ) as Gal(k/k)-representations. Addi-
tionally, let M1 and M2 be smooth proper moduli spaces of stable sheaves
on S1 and S2, respectively, with dimM1 = dimM2. Then for all i ≥ 0,
H ie´t(M1,Qℓ)
∼= H ie´t(M2,Qℓ) as Gal(k/k)-representations.
We remark that when the moduli spaces are fine, the isomorphism
H2e´t(M1,Qℓ)
∼= H2e´t(M2,Qℓ) follows almost immediately from the work of
Charles [1], who built off of work done by O’Grady [26] over the complex
numbers. We extend their results to non-fine moduli spaces, and then the
bulk of the work required to prove Theorem 2 is to construct the Galois-
equivariant isomorphisms for the higher cohomology groups.
0.1. Outline. In Section 1 we introduce notation and definitions in order
to define the moduli space M of stable sheaves on a K3 surface S, and we
show that it is a smooth, projective, geometrically irreducible variety. We
show in Section 2 that H2(M,Zℓ(1)) is isometric to a specific sublattice in
H∗(S,Zℓ) and in Section 3 that, after tensoring with Qℓ, the same sublattice
can be identified with a fixed sublattice of H∗(S,Qℓ), which depends only on
the dimension of M . In Section 4, we reduce to the case of considering just
one K3 surface S and comparing M to the Hilbert scheme S[n]. In Section
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5, we complete the proof of Theorem 2 by constructing a Galois equivariant
ring isomorphism between the cohomologies of the two moduli spaces M
and S[n].
Acknowledgments. I thank my advisor, Nicolas Addington, for support-
ing me and teaching me the material necessary to complete this project.
Thanks also to Adrian Langer, Franc¸ois Charles, Max Lieblich, Eduard
Looijenga, Valery Lunts, Mark de Cataldo, Luc Illusie, Andy Putman, and
Katrina Honigs for the helpful discussions and correspondences, and the
referee who suggested many improvements.
1. The moduli space
Let S be a K3 surface defined over an arbitrary field k with algebraic
closure k, and let S = S ×k k. The notion of a Mukai lattice makes sense
in any Weil cohomology theory and is discussed in great generality in [18]
as well as [8]. We will make use of Mukai’s original construction over C as
well as the construction for e´tale cohomology, which we recall here.
Definition 1.1. Let ℓ be a prime different from the characteristic of k. The
ℓ-adic Mukai lattice of S is the Gal(k/k)-module
H˜(S,Zℓ) := H
0(S,Zℓ)⊕H2(S,Zℓ(1)) ⊕H4(S,Zℓ(2))
endowed with the Mukai pairing
(α, β) = −α0.β4 + α2.β2 − α4.β0.
Note that we have defined the Mukai lattice in weight zero but will con-
tinue to use the usual sign on the Mukai pairing.
Definition 1.2. For a coherent sheaf F on S, the Mukai vector of F is
v(F) := ch(F)
√
td(S) = (rkF , c1(F), χ(F)− rkF) ∈ H˜(S,Zℓ).
For two coherent sheaves F and G, the Euler pairing and the Mukai
pairing are related by χ(F ,G) = −(v(F), v(G)). Mukai vectors of sheaves
are elements of the following subgroup of H˜(S,Zℓ).
Definition 1.3. Let ω ∈ H4(S,Zℓ(2)) be the numerical equivalence class of
a point on S. A Mukai vector on S is an element of
N(S) := Z⊕NS(S)⊕ Zω,
and N(S) is considered as a subgroup of H˜(S,Zℓ) under the natural inclu-
sion. A Mukai vector is often denoted by v = (r, c1, s).
Given a Mukai vector v on S and an ample class H in NS(S), we can
form the moduli space MH(S, v) of Gieseker geometrically H-stable sheaves
F on S such that v(F) = v. These spaces were originally constructed over
algebraically closed fields in [21] and [4]. When the notation is clear, we will
simply write M or M(v) in place of MH(S, v). By [17, Thm. 0.2], M is a
quasi-projective scheme of finite type over k. In order for the moduli space
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to be a non-empty, smooth, projective variety, we will require the Mukai
vector to satisfy the following conditions.
Definition 1.4. A Mukai vector v ∈ N(S) is geometrically primitive if its
image under N(S)→ N(S) is primitive.
Geometrically primitive is the same as primitive when Br(k) = 0, or
when S has a zero-cycle of degree one (for example, a k-point), in which
case there is an isomorphism Pic(S)
∼−→ Pic(S)Gal(k/k) coming from the
Hochschild-Serre spectral sequence [11, Eq. 18.1.10 and 18.1.13].
Definition 1.5. A Mukai vector v = (r, c1, s) ∈ N(S) is effective if r > 0,
or if r = 0 and c1 is effective, or if r = c1 = 0 and s > 0.
These conditions are necessary to ensure that M(v) is non-empty.
Definition 1.6. If v is geometrically primitive, a polarization H ∈ Pic(S)
is v-generic if every H-semistable sheaf is geometrically stable with respect
to H.
On S, if r > 0 or r = 0 and s 6= 0, there are many choices of v-generic
polarizations. Any polarization which is not contained in the locally finite
union of hyperplanes in NS(S)R discussed in [13, App. 4.C] is v-generic, by
[13, Thm. 4.C.3] for r > 0 and [29, Sec. 1.4] for r = 0 and s 6= 0. However,
it is possible that NS(S) ⊂ NS(S) is contained entirely in one of the walls in
NS(S)R, resulting in the existence of properly semistable sheaves. Here we
give an explicit example of a K3 surface S and a Mukai vector v with r > 0
for which no v-generic polarization exists.
Example 1.7. Let S be the degree two K3 surface defined over F3 cut out
by
w2 =2y2(x2 + 2xy + 2y2)2 + (2x+ z)(x5 + x4y + x3yz + x2y3 + x2y2z
+ 2x2z3 + xy4 + 2xy3z + xy2z2 + y5 + 2y4z + 2y3z2 + 2z5)
in P(3, 1, 1, 1) which is given in [6, Section 5]. In the proof of Proposition
5.5 in [6], Hassett and Va´rilly-Alvarado show that NS(S) = ZH, where H is
the preimage of a hyperplane from P2, and that NS(S) = ZC1⊕ZC2, where
C1 and C2 are −2-curves defined over F9 which lie above the tritangent line
2x + z = 0 in P2. The inclusion NS(S) ⊂ NS(S) is given by H = C1 + C2.
We claim that there is no v-generic polarization on S for v = (2,−H, 0).
Let E be a non-trivial extension of OS(−C1) by OS(−C2), which ex-
ists since Ext1(OS(−C1),OS(−C2)) = F33. It can be checked that v(E) =
(2,−H, 0), and that the reduced Hilbert polynomials with respect to H sat-
isfy pOS(−C2)(t) = pE(t) = t
2 − t + 1. Furthermore, every other saturated
subsheaf of E has strictly smaller reduced Hilbert polynomial, so OS(−C2)
is the only destabilizing subsheaf. Thus the locus of geometrically stable
sheaves will be a proper subvariety of the moduli space of semistable sheaves
on S with v = (2,−H, 0).
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This example further demonstrates that MH(v) need not exist when H is
not defined over the ground field. Consider H ′ = H + ǫC1 for small ǫ > 0.
We claim that MH′(v) := MH′(SF9 , v) cannot be constructed over F3. If it
could, then the Gal(F3/F3)-action would permute the points of MH′(v)F3 .
However, the sheaf E from above is inMH′(v), and its image under the action
of the Frobenius is not, giving a contradiction. We see this by looking at
the eigenvalues of the Frobenius action σ given in the proof of [6, Prop. 5.5],
which shows that σ on S swaps C1 and C2, so applying σ
∗ to the sequence
0→ OS(−C2)→ E → OS(−C1)→ 0
swaps OS(−C2) and OS(−C1). This shows that OS(−C2) is a destabilizing
quotient of σ∗ E .
In light of the example above, we will restrict ourselves to situations in
which properly semistable sheaves do not exist. This can be guaranteed, for
example, if r > 0 and the components of v satisfy a gcd condition, as Charles
assumes in [1, Def. 2.3], or if rank(NS(S)) = rank(NS(S)), as Huybrechts
assumes in [12], and r > 0 or r = 0 and s 6= 0. For simplicity, we will always
pick polarizations satisfying Definition 1.6.
Proposition 1.8. Let v ∈ N(S) be an effective and geometrically primitive
Mukai vector with v2 ≥ 0, and let H be a v-generic polarization on S. Then
M is a non-empty, smooth, projective, geometrically irreducible variety over
k of dimension v2 + 2.
This was proved in [1, Thm. 2.4(i)] under the stronger assumption that v
satisfy condition (C) given in [1, Def. 2.3], which in particular implies that
M is a fine moduli space. See also [3, Prop. 4.5] for a similar result which
is slightly more general than [1, Thm. 2.4(i)], but which still requires v to
have positive rank.
Proof of Proposition 1.8. First, we show thatM is projective. By [17, Thm.
0.2], it is enough to show that any semistable sheaf inM is actually geomet-
rically stable. But this follows immediately since v is geometrically primitive
and H is v-generic.
For smoothness, we know M =Mk is smooth by [24, Cor. 0.2], and hence
M is also smooth. Once we know M is non-empty, discussed below, [24,
Cor. 0.2] also shows that dimM = v2 + 2.
We show next that M is geometrically irreducible. Over C, this fact is
well-known: see [14, Thm. 4.1] or [29, Thm. 8.1]. In fact, the proof of [14,
Thm. 4.1] works over any algebraically closed field, and so M is irreducible
when M is defined over any field.
Lastly, the non-emptiness of M over k = C is due to Mukai and Yoshioka
and is summarized in [11, Thm. 10.2.7]. For any other k with char k = 0, we
apply the Lefschetz principle. That is, sinceM is projective, it is defined by
finitely many equations determined by a finite set of coefficients {ai}i∈I with
ai ∈ k for each i ∈ I. Then M is defined over the subfield k′ = Q(ai) ⊂ k
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generated by all of the ai over Q, so M and MC are geometric fibers of
Mk′ → Spec k′. Since MC is non-empty, it follows that M is as well.
For char k > 0, we lift S to characteristic zero and appeal to the paragraph
above. By [1, Prop. 1.5], there is a finite flat morphism SpecW ′ → SpecW ,
where W is the ring of Witt vectors of k and W ′ is a discrete valuation ring
with fraction field of characteristic zero and residue field k, and a smooth
projective relative K3 surface S → SpecW ′ with special fiber isomorphic to
S. Moreover, there are lifts H of H and c˜1 of c1 to S, so we can form the
relative moduli space f : MH(S, vW ′) → SpecW ′ parameterizing geometri-
cally stable sheaves on the fibers of S → SpecW ′, which is projective by
[17, Thm. 0.2]. Now, since f is proper and the generic fiber is non-empty
by the argument above, so too is the closed fiber M, and hence also M . 
2. Generalizing results of Mukai and O’Grady
In [25], Mukai showed that for a complex projective K3 surface S and a
primitive Mukai vector v with v2 = 0, there is a Hodge isometry v⊥/〈v〉 ∼=
H2sing(M,Z), where v
⊥ is the orthogonal complement of v in the Mukai
lattice, M =M(v), and the pairing onH2sing(M,Z) is given by the Beauville-
Bogomolov form. Similarly, when v2 > 0, O’Grady [26] proved that v⊥ ∼=
H2sing(M,Z). In [5, Def. 26.19], Huybrechts shows that, up to scaling, we
can define the Beaville-Bogomolov form on a hyperka¨hler variety X by
q˜X(α) =
∫
X
α2
√
tdX,
and now this definition makes sense for e´tale cohomology as well.
We will prove here that the isometries proved by Mukai and O’Grady also
hold in e´tale cohomology when S is defined over an arbitrary field k and v
is an effective and geometrically primitive Mukai vector.
Proposition 2.1. Let S be a K3 surface defined over an arbitrary field k
and v ∈ N(S) an effective and geometrically primitive Mukai vector with a
v-generic polarization H ∈ NS(S).
(i) When v2 > 0, there is a Galois equivariant isometry
v⊥ ∼= H2(M,Zℓ(1)).
(ii) When v2 = 0, there is a Galois equivariant isometry
v⊥/〈v〉 ∼= H2(M,Zℓ(1)).
Charles in [1, Thm. 2.4(v)] proved this result when v2 > 0 with stronger
assumptions on v. We follow his technique to prove the more general result,
making modifications where necessary. We will prove Proposition 2.1 in
great detail so that we can easily refer back to it in a similar situation later.
Proof of Proposition 2.1. In order to define the Mukai map which will give
the desired isomorphisms, we must first show that a quasi-universal sheaf U
exists on S ×M , in the sense of [13, Def. 4.6.1]. We claim that the proof of
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existence given in [13, Prop. 4.6.2] holds over any field by appealing to work
by Langer on moduli of sheaves in mixed characteristic. Langer proves in
[16, Thm. 4.3] that the quotient Rs → M , where Rs is the subset of the
Quot-scheme parameterizing stable sheaves, is a principal PGL(V )-bundle
in the fppf topology and by [22, I.3.26], it also has local sections in the e´tale
topology. Then the proof of [13, Prop. 4.6.2] gives that the universal sheaf
on S ×Rs descends to a quasi-universal sheaf on S ×M .
Introducing some notation, we let π1 and π2 be the two projections from
S ×M :
S ×M
π1
{{✇✇
✇✇
✇✇
✇✇
✇
π2
$$❍
❍❍
❍❍
❍❍
❍❍
S M.
The Mukai map θv : H˜(S,Zℓ)→ H2(M,Zℓ(1)) is defined by
α 7→ 1
ρ
[π2∗(v(U) · π∗1(α))]2 ,
where v(U) is the Mukai vector of U and ρ is the similitude of U (that is,
the rank of the sheaf W in [13, Def. 4.6.1]).
We are now ready to prove that if v2 > 0, then θv|v⊥ gives (i). This
will be done in different cases depending on the field k. If k = C, then θv
was proved in [26, Main Thm.] to be an isometry for singular cohomology
with coefficients in Z. This isomorphism can be tensored with Zℓ(1), and
then the comparison theorem for singular and e´tale cohomology gives the
isomorphism v⊥ ∼= H2(M,Zℓ(1)).
Now suppose k is an arbitrary field of characteristic zero. Again by the
Lefschetz principle, there is a field k′ with inclusions k′ →֒ C and k′ →֒ k
such that S and M are defined over k′. The inclusions give the following
horizontal isomorphisms by smooth base change:
H2(M,Zℓ(1)) H
2(Mk′ ,Zℓ(1))
∼oo ∼ // H2(MC,Zℓ(1))
v⊥
k
θv
OO
v⊥
k′
OO
∼oo ∼ // v⊥C ,
θv∼
OO
where v⊥
k′
⊆ H˜(Sk′ ,Zℓ), and similarly for v⊥k and v⊥C . The right-most vertical
arrow is an isomorphism by the argument above, and by commutativity this
implies the other vertical arrows are isomorphisms as well.
Next, suppose k is an arbitrary field of characteristic p > 0. As
in the proof of Proposition 1.8, we form the relative moduli space
M = MH(S, vW ′), a projective scheme over SpecW ′ whose central fiber
is M . We will use smooth base change below, so we first show that
f : M → SpecW ′ is a smooth morphism. Since smoothness is an open
condition, we need only show that the morphism is smooth at closed points
in the central fiber. These are the closed points of M , so they correspond
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to geometrically stable sheaves F on S. By [9, Lem. 3.1.5], f is smooth at
such a point [F ] if and only if Pic(S/W ′) is smooth at [detF ]. The latter
holds because detF = c1 lifted from S to S. Therefore, f is smooth.
By the same argument given above, there is a quasi-universal sheaf U˜ on
S ×W ′M. Continuing to use π1 and π2 for the projections to S and M, we
can define a relative Mukai map
θ˜v : v
⊥
W ′ → H2(M,Zℓ(1)),
where v⊥W ′ ⊂ H˜(S,Zℓ), and where θ˜v(α) = 1ρ [π2∗(v(U˜) ·π∗1(α))]2. We observe
that θ˜v restricts exactly to the map θv over both fibers.
Next we conclude by [22, VI.4.2] that the cohomology groups for all geo-
metric fibers of M → SpecW ′ are isomorphic. In particular, if we let
K := FracW ′, it follows that H2(MK ,Zℓ(1))
∼= H2(M,Zℓ(1)). Similarly,
the corresponding Mukai lattices are also isomorphic. Thus, the smooth
base change theorem gives the following commutative diagram with hori-
zontal isomorphisms, where the right-most vertical arrow is an isomorphism
because charK = 0:
H2(M,Zℓ(1)) H
2(M,Zℓ(1))∼oo ∼ // H2(MK ,Zℓ(1))
v⊥
k
θv
OO
v⊥W ′
∼oo ∼ //
θ˜v
OO
v⊥
K
.
θv∼
OO
Therefore, the left-most vertical arrow is also an isomorphism, as desired.
In all cases, v(U) is defined over k, so θv is Galois equivariant, and it con-
tinues to respect the Mukai and Beauville-Bogomolov pairings as shown by
[26, Main Thm.]. Hence θv is a Galois equivariant isometry. This completes
the proof of (i).
The proof of (ii) follows the same argument, using the isometry
v⊥/〈v〉 ∼−→ H2(M,Z) proved in [25, Thm. 1.4] for k = C in place of [26,
Main Thm.]. 
3. A Galois equivariant isometry
To prove Theorem 2 for i = 2, it remains to show the following:
Proposition 3.1. Let v ∈ N(S) be a non-zero Mukai vector on a K3 surface
S defined over an arbitrary field k, and consider v⊥ ⊂ H˜(S,Qℓ).
(i) When v2 > 0, there is a Galois equivariant isometry
v⊥ ∼= H2(S,Qℓ(1)) ⊕Qℓ,
where the pairing on the right side is given by the intersection form on
H2(S,Qℓ(1)) and −v2 on the generator of Qℓ.
(ii) When v2 = 0, there is a Galois equivariant isometry
v⊥/〈v〉 ∼= H2(S,Qℓ(1)),
where the pairing on the right side is given by the intersection form.
SHEAVES ON K3 SURFACES AND GALOIS REPRESENTATIONS 9
Note that Proposition 3.1 need not hold when Qℓ is replaced with Zℓ, as
demonstrated by the following example.
Example 3.2. We consider the K3 surface S defined over F2 in [7, Ex. 6.1],
which by the proof of [7, Prop. 6.3] has rank(NS(S)) = 2. In particular,
Hassett, Va´rilly-Alvarado, and Varilly find two independent classes in NS(S)
on which the intersection pairing is( −2 3
3 −2
)
.
Since this has a square-free discriminant of −5, the span of the two classes
is a primitive sublattice in NS(S), and hence the classes span NS(S).
In this case, we can consider the effective and geometrically primitive
Mukai vector v = (5, 2, 3, 0) ∈ N(S). Since rank(NS(S)) = rank(NS(S)),
there is a v-generic polarization, and henceM(v) is a 12-dimensional smooth
projective variety. There is no u ∈ N(S) such that (u, v) = 1, soM(v) is not
a fine moduli space. If there is an isometry v⊥ ∼= H2(S,Zℓ(1))⊕Zℓ, then we
can restrict it to the subspace of Galois invariants. The proof of [7, Prop.
6.3] also shows that the only invariant classes in H2(S,Zℓ(1)) are those in
NS(S), and so the sublattice H2(S,Zℓ(1))
Gal(F2/F2) ⊕ Zℓ has discriminant
50. It can be checked that the pairing on (v⊥)Gal(F2/F2) is
 −2 3 −13 −2 0
−1 0 0

 ,
which has discriminant 2. For these lattices to be isomorphic, the discrim-
inants must differ by the square of a unit, but when ℓ = 5, this is not the
case. So v⊥ 6∼= H2(S,Z5(1))⊕Z5 as sublattices of H˜(S,Z5). By Proposition
3.1, it is only after tensoring with Q5 that these lattices become isomorphic.
This difference in coefficients is related to whether M(v) is birational to
the Hilbert scheme. If w = (1, 0, 0,−5) in N(S), then M(w) = S[6] and it
is clear that w⊥ = H2(S,Zℓ(1)) ⊕ Zℓ〈(1, 0, 0, 5)〉. For hyperka¨hler varieties
defined over the complex numbers, the Beauville-Bogomolov form and hence
the resulting discriminant group is a birational invariant. While this result
has not been proved over arbitrary fields, our calculations suggest that we
have found two moduli spaces that are not birational.
Proof of Proposition 3.1. To prove (i), let w := (1, 0, 1 − n) ∈ N(S) where
n = 12(v
2 + 2). If n > 1 then w⊥ = H2(S,Qℓ(1)) ⊕ Qℓ〈(1, 0, n − 1)〉, so we
will use reflections to prove that v⊥ ∼= w⊥. Observe that either (v−w)2 6= 0
or (v+w)2 6= 0. Then reflection through v−w or v+w, respectively, gives a
map H˜(S,Qℓ)→ H˜(S,Qℓ). It can be checked that this reflection preserves
the Mukai pairing, sends v to ±w, and induces a map v⊥ ∼−→ w⊥ which is
Galois equivariant. This completes the proof of (i).
The proof of (ii) requires a few modifications to the argument above.
We now consider w = (1, 0, 0) ∈ N(S), so that w⊥/〈w〉 = H2(S,Qℓ(1)). If
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(v−w)2 6= 0, then as above, reflection through v−w restricts to a Gal(k/k)-
equivariant isometry v⊥/〈v〉 ∼−→ w⊥/〈w〉.
If instead (v − w)2 = 0, then (v,w) = 0 and (v + w)2 = 0 as well. Let
us write v = (r, c1, 0). If r 6= 0, then reflecting through v − (0, 0, 1) gives
that v⊥/〈v〉 ∼= (0, 0, 1)⊥/〈(0, 0, 1)〉. Then (0, 0, 1)⊥/〈(0, 0, 1)〉 ∼= w⊥/〈w〉 by
reflecting through (0, 0, 1) −w.
Lastly, suppose v = (0, c1, 0). Since c
2
1 = 0 and c1 6= 0, by the Hodge
Index Theorem, any ample divisor h on S is such that c1.h 6= 0. If we
let v′ = veh = (0, c1, c1.h), then it follows that (v
′ − w)2 = 2c1.h 6= 0,
and so reflection through v′ −w is a Galois equivariant isometry v′⊥/〈v′〉 ∼=
w⊥/〈w〉. It can be checked that v⊥/〈v〉 ·eh−−→ v′⊥/〈v′〉 is an isometry, and it is
Galois equivariant because h is Galois invariant. This completes the proof
of (ii). 
Remark 3.3. Recall that H i(M,Qℓ) = 0 for odd i [19, Thm. 1(3)], so the
proof of Theorem 2 is complete in the case where dimM1 = dimM2 = 2.
4. Reduction to the case of a single surface
In Section 3, we were able to conclude Theorem 2 holds for i = 2 by
using results about a single K3 surface along with the assumption that
H2(S1,Qℓ) ∼= H2(S2,Qℓ) as Gal(k/k)-representations. By the following
proposition, to complete the proof for i > 2 it is enough to show that
H i(M,Qℓ) ∼= H i(S[n],Qℓ) as Gal(k/k)-representations, where n = 12 dimM .
Proposition 4.1. Let S1 and S2 be two K3 surfaces defined over an arbi-
trary field k such that H2(S1,Qℓ) ∼= H2(S2,Qℓ) as Gal(k/k)-representations.
Then H i(S
[n]
1 ,Qℓ)
∼= H i(S[n]2 ,Qℓ) as Gal(k/k)-representations for all i ≥ 0.
Proof. For a K3 surface S, de Cataldo and Migliorini show in [2, Thm. 6.2.1]
that the rational Chow motive of S
[n]
is built out of motives of symmetric
products S
(l(ν))
where ν is a partition of n and l(ν) is the length of ν. The
maps S
(l(ν)) → S[n] used to give the isomorphism are induced by tautological
correspondences defined over the base field, so the decomposition works
over any field (see [2, Rmk. 6.2.2]). This implies the following Gal(k/k)-
equivariant isomorphism on the level of cohomology:
H∗(S
[n]
,Qℓ) ∼=
⊕
ν∈P(n)
H∗(S
(l(ν))
,Qℓ)(n− l(ν)),
whereP(n) is the set of partitions of n. SinceH∗(S
(m)
,Qℓ) ∼= H∗(Sm,Qℓ)Σm
for any m ≥ 1, where H∗(Sm,Qℓ)Σm is the subring of Σm-invariants, the
result follows. 
Thus the proof of Theorem 2 will be complete once we know that
H i(M,Qℓ) ∼= H i(S[n],Qℓ) for a given K3 surface.
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Remark 4.2. It is interesting to observe that we need not arrive at a ring
isomorphism between H∗(S
[n]
1 ,Qℓ) andH
∗(S
[n]
2 ,Qℓ), and in fact this appears
to depend on whether or not the isomorphism H2(S1,Qℓ) ∼= H2(S2,Qℓ) as
Galois representations agrees with the cohomology ring structures. Indeed,
if there is a Galois equivariant ring isomorphism H∗(S1,Qℓ) ∼= H∗(S2,Qℓ),
then the intersection forms on the middle cohomology agree and along with
Proposition 3.1 we get an isometry between their Mukai lattices. Following
an argument akin to that given in Proposition 5.1 below, this implies the
rings H∗(S
[n]
1 ,Qℓ) and H
∗(S
[n]
2 ,Qℓ) are isomorphic.
If instead the given isomorphism H2(S1,Qℓ) ∼= H2(S2,Qℓ) as Galois rep-
resentations is not an isometry with respect to the intersection pairing, we
should not expect H∗(S
[n]
1 ,Qℓ) and H
∗(S
[n]
2 ,Qℓ) to be isomorphic rings.
Suppose there is a ring isomorphism ψ : H∗(S
[n]
1 ,Qℓ)
∼−→ H∗(S[n]2 ,Qℓ), and
let qi : H
2(S
[n]
i ,Qℓ)→ Qℓ for i = 1 and 2 be the Beauville-Bogomolov form,
introduced at the beginning of Section 2. Then for α ∈ H2(S[n]1 ,Qℓ),
q1(α)
n = q2(ψ(α))
n,
so that q1 and q2 agree up to an n
th-root of unity. The only roots of unity
in Qℓ are the (ℓ − 1)th roots of unity for ℓ odd and ±1 for ℓ = 2, so if we
choose ℓ > 2 with gcd(n, ℓ− 1) = 1, this root must be trivial. If n is even,
we can only ensure that gcd(n, ℓ− 1) = 2, implying the root is ±1, but we
claim q1 6∼= −q2.
Consider when n is even and ℓ = 3 so that gcd(n, 2) = 2. We will show
that for the form q on Q233 giving H
2(S
[n]
1 ,Q3), there is no linear isomor-
phism of Q233 taking q to −q, and hence the Beauville-Bogomolov forms on
H2(S
[n]
1 ,Q3) and H
2(S
[n]
2 ,Q3) cannot differ by a sign. By Propositions 2.1
and 3.1, q is given by (−E8)⊕2⊕U⊕3⊕〈2− 2n〉. In the Witt group W (Q3),
it can be checked that (−E8)⊕2 ⊕ U⊕3 = (E8)⊕2 ⊕ (−U)⊕3 = 0, so to see
that q 6= −q ∈ W (Q3), we must only check that 〈2 − 2n〉 6= 〈−(2 − 2n)〉 as
forms on Q3. The form 〈2− 2n〉 is equivalent to 〈m〉 for m ∈ {−3,−1, 1, 3},
from which it follows that 〈m〉 6= 〈−m〉 ∈ W (Q3) (see [15, Cor. VI.1.6 and
Thm. VI.2.2]). We conclude that q1 and q2 must agree.
Therefore, again by Propositions 2.1 and 3.1, there is a Galois equivari-
ant isometry H2(S1,Qℓ) ⊕ Qℓ ∼= H2(S2,Qℓ) ⊕ Qℓ. As in the proof of
Proposition 3.1(i), the reflection that takes the generator of the first Qℓ
to the generator of the second Qℓ restricts to a Galois equivariant isometry
H2(S1,Qℓ) ∼= H2(S2,Qℓ), hence determining the ring structure.
5. An isomorphism of the cohomology rings
Let us consider a fixed K3 surface S and a moduli space M of stable
sheaves on S with an effective and geometrically primitive Mukai vector v.
If v2 = 0, Theorem 2 was proved in Section 3 (see Remark 3.3). Assume now
that v2 > 0. We will continue to use the notation introduced in the proof of
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Proposition 3.1 that w = (1, 0, 1−n) ∈ N(S) where n = 12(v2+2). We follow
[20, Sec. 3.4] to produce an isomorphism between the cohomology rings of
M and S
[n]
by constructing a class in the middle cohomology of M × S[n].
This class will depend on the choice of an isometry g : H˜(S,Qℓ)
∼−→ H˜(S,Qℓ)
such that g(v) = w, and we will specifically use the reflection constructed
in Proposition 3.1.
We outline here what Markman does to produce the desired ring isomor-
phism, where he starts with a complex projective K3 surface and an isometry
on H∗sing(S,Z). By considering an integral isometry, the cohomology class
produced is an element of H2nsing(M×S[n],Z), and then Markman shows that
this class induces a ring isomorphism
H∗sing(M,Z)
∼−→ H∗sing(S[n],Z).
Since we will start with an isometry over Qℓ, the resulting class, and hence
the map on cohomology, will also be defined over Qℓ. We will make a density
argument to reduce to Markman’s result and conclude that this map on Qℓ-
cohomology is also an isomorphism.
In order to produce a map H∗(M,Qℓ) → H∗(S[n],Qℓ), we would like
to compose cohomological Fourier-Mukai transforms with the isometry g.
First, we have the map H∗(M,Qℓ)→ H∗(S,Qℓ) induced by the class uv in
the cohomology of S×kM , where uv is the pullback from S×kM to S×kM of
a normalization of v(U)(tdM)−1/2, defined in [20, Eq. (3.4)]. This is followed
by g : H˜(S,Qℓ)→ H˜(S,Qℓ), and the last map H∗(S,Qℓ)→ H∗(S[n],Qℓ) is
induced by the class uw, defined analogously to uv. This composition clearly
will not give an isomorphism, but the morphism Markman constructs is
induced by a class built out of uv, g, and uw, as described below.
For a projective variety X, consider the universal polynomial map
l : ⊕i H2i(X,Qℓ)→ ⊕iH2i(X,Qℓ)
taking the Chern character of a sheaf to its total Chern class. That is,
l(r + a1 + a2 + · · · ) = 1 + a1 +
(
1
2
a21 − a2
)
+ · · · .
Let πij be the projection from M ×S ×S[n] onto the product of the ith and
jth factors. We define
γg := c2n
(
l(−π13∗[π∗12((1 ⊗ g)(uv))∨π∗23(uw)])
)
,
so that γg ∈ H4n(M × S[n],Qℓ(2n)), the middle cohomology group. For
further discussion on this choice of cohomology class, see [20, Sec. 3.4].
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Now consider the projections from M × S[n]:
M × S[n]
q
{{✇✇
✇✇
✇✇
✇✇
✇✇ p
$$■
■■
■■
■■
■■
■
M S
[n]
.
We also let γg denote the induced map H
∗(M,Qℓ)→ H∗(S[n],Qℓ) given by
α 7→ p∗(q∗(α) · γg).
Proposition 5.1. Let S be a K3 surface defined over an arbitrary field
k and v ∈ N(S) an effective and geometrically primitive Mukai vector of
length v2 > 0 with a v-generic polarization H ∈ NS(S). Let g : H˜(S,Qℓ)→
H˜(S,Qℓ) denote the Galois-equivariant isometry produced in the proof of
Proposition 3.1. Then the map γg : H
∗(M,Qℓ) → H∗(S[n],Qℓ) is a Galois
equivariant ring isomorphism.
Remark 5.2. Note that to prove Theorem 2, γg just needs to be a Galois-
equivariant vector space isomorphism. The fact that γg is also a ring isomor-
phism is independently interesting, especially when contrasted with Remark
4.2.
Proof. We begin by assuming that k = C and the cohomology is singu-
lar cohomology. Let I := Isom(H˜(S), v, w) be the subvariety of A24×24Qℓ
consisting of isometries H˜(S) → H˜(S) which send v to w. Similarly, let
Hom(H∗(M),H∗(S[n])) be the affine variety of graded vector space homo-
morphisms from H∗(M) to H∗(S[n]). Then we get a map of varieties
Ψ: I → Hom(H∗(M),H∗(S[n]))
sending an isometry g to the map γg defined above. Consider the subspace Z
of I containing all those isometries g such that γg is a ring homomorphism.
We will show that Z = I. Observe that γg being a ring homomorphism is
a closed condition so Ψ(Z) ⊂ Hom(H∗(M),H∗(S[n])) is closed. Since Z is
the preimage under Ψ of a closed subspace, Z ⊂ I is closed.
Given a Z-point g : H˜(S,Z) → H˜(S,Z) of I, by [20, Thm. 3.10] the map
γg : H
∗(M,Z) → H∗(S[n],Z) is a ring homomorphism, so Z contains all of
the Z-points of I, I(Z). By Lemma 5.3 below, we see that the Z-points of I
are Zariski dense in I, i.e I(Z) = I. Since Z is closed, I(Z) = I ⊂ Z. Thus,
we conclude that every morphism γg for g ∈ I is a ring homomorphism.
Next, we claim that in fact every homomorphism in Im(Ψ) is a ring iso-
morphism. We consider the algebraic map
I → Hom(H∗(M),H∗(M))
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sending g 7→ γg−1γg, where γg−1 is defined analogously to γg for g−1 ∈
Isom(H˜(S), w, v). Then the subspace{
g : γg−1γg − Id = 0
} ⊂ I
is again closed because it is the preimage of a closed subspace in
Hom(H∗(M),H∗(M)). When g is a Z-point of I, by [20, Lem. 3.12] we
know that γg−1γg = γg−1g = γId = Id. Thus this closed subspace contains
all of the Z-points of I. Again using Lemma 5.3, the Z-points of I are
Zariski dense in I, so we conclude that γg−1γg = Id for all g ∈ I. The same
argument shows that γgγg−1 = γgg−1 = Id, and hence every such γg is an
isomorphism. In particular, the isometry g constructed in Proposition 3.1 is
a Qℓ-point of I and therefore γg is a ring isomorphism. Lastly, the compar-
ison theorem for singular and e´tale cohomology gives the ring isomorphism
on e´tale cohomology, γg : H
∗(M,Qℓ)
∼−→ H∗(S[n],Qℓ).
For k an arbitrary field, we proceed as in the proof of Proposition 2.1,
using the Lefschetz principle and the lifting argument for fields of charac-
teristic zero and p > 0, respectively, to conclude that γg remains a ring
isomorphism.
To see that γg is Galois equivariant, we observe that both uv and uw are
Galois invariant, and all of the other operations in the construction of the
class γg, including the choice of isometry g, are Galois equivariant. Hence
the class γg is invariant under the Galois action, and the resulting morphism
is equivariant. 
Lemma 5.3. Using the notation introduced in the proof of Proposition 5.1,
the Z-points of the variety Isom(H˜(S), v, w) in A24×24Qℓ are Zariski dense.
Proof. First we consider I := Isom(H˜(S), v, w) ⊂ A24×24C . We will show
that I(Z) = I. Then under a choice of inclusion Qℓ →֒ C, this will give
I(Qℓ) ⊂ I(Z), completing the proof.
Consider IR ⊂ A24×24R , which is a torsor over
Stab(v)R := {A ∈ O(H˜(S)) : Av = v} ⊂ A24×24R ,
and observe that Stab(v)R is isomorphic to O(v
⊥) ∼= O(3, 20) ⊂ A23×23R as
group schemes over Q. By [23, Thm. 5.1.11], the Z-points, which we will
write as Stab(v)Z, form a lattice in Stab(v)R. We claim that this lattice
is Zariski dense. To see this, we will apply the Borel Density Theorem
given in [23, Cor. 4.5.6], which requires a connected, semisimple Lie group
G and a lattice Γ that projects densely into the maximal compact factor of
G. Let G := Stab(v)◦R, the connected component of the identity, and Γ :=
Stab(v)Z ∩ G. Since Stab(v)R ∼= O(3, 20), it follows that G ∼= SO(3, 20)◦,
which is a simple Lie group by [23, Ex. A2.3(2)]. Then by [23, Ex. 4.3.2] and
[23, Exercise 4.3#1], Γ projects densely into the maximal compact subgroup
of G. Thus by [23, Cor. 4.5.6], Γ = G. Therefore Stab(v)◦R ⊂ Stab(v)Z.
SHEAVES ON K3 SURFACES AND GALOIS REPRESENTATIONS 15
Recall that
v⊥ ∼= (−E8)⊕2 ⊕ U⊕3 ⊕ 〈2− 2n〉,
so Stab(v)Z also contains a point of determinant −1. The smallest alge-
braic group containing both Stab(v)◦R and this point of determinant −1 is
Stab(v)R, since O(3, 20) is generated by SO(3, 20) and an element of deter-
minant −1. Thus in fact Stab(v)R ⊂ Stab(v)Z.
Finally, we observe that Stab(v)R is Zariski dense in its complexification
Stab(v)C ⊂ A24×24C (see [23, Rmk. 18.1.8(3)]), and so Stab(v)Z is Zariski
dense in Stab(v)C ∼= O(23,C). Since I is a torsor over Stab(v)C, when we
consider I ⊂ A24×24C , we see that I(Z) = I. 
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